Abstract Let d, α ∈ Z with d > 1. In this paper, we proved the following results about congruence properties of elliptic curves: (1) For elliptic curve E over the rational number field 
11G20 (Secondary).

Introduction and Main Results
Let d, α ∈ Z with d > 1, Z is the set of rational integers. In this paper, we consider the following problem:
(Problem I) Which elliptic curves E over the rational number field Q may satisfy the congruence property that ♯ E p (F p ) ≡ α ( mod d) for almost all rational primes p ? where E p is the reduced curve of E at p.
For a set T, the notation ♯T denote its cardinal number. Throughout this paper, almost all means all but finitely many.
When there do exist elliptic curves satisfying the above congruence property for a given pair (d, α), a natural question is how to parameterize them. This question is originated from a recent paper [KKP] of Kim, Koo and Park, where they presented a question with elliptic curves over finite fields as follows ( in their original form ):
(Open questions of Kim-Koo-Park) Let E p : y 2 = x 3 + f (k)x + g(k) be an elliptic curve over a finite field F p and α be a nonnegative integer.
( 1 ) (Strong form) Can one find
for a fixed integer d and for almost all primes p ?
( 2 ) (Weak form) One may consider partial conditions for some primes p, for
for a fixed integer d and for all such primes p ?
In the following, we call it the KKP-question. As indicated in their Theorems 1 and 3 of [KKP] about this open question in the case (d, α) = (3, 0), the precise meaning of KKP question (strong form) may be explained as follows: For fixed integers d and α, can one find polynomials f (t), g(t) ∈ Z[t] in one variable t satisfying the following condition: For every integer k ∈ Z such that E :
is an elliptic curve over Q, one has ♯ E p (F p ) ≡ α ( mod d) for a fixed integer d and for almost all primes p, i.e., E satisfies the congruence property for the given pair
The meaning of weak form is similar. Note that in their paper [KKP] , both the polynomials f and g are in one variable. One can ask similar questions with polynomials f, g over Z in several variables.
The main results about the above Problem I and KKP-question obtained in this paper are stated as follows:
for almost all primes p, then almost all supersingular primes (2) For any elliptic curve E/Q, there are always infinitely many primes p such
for almost all primes p, then there exists a real number c > 0 such that for any two supersingular primes p and q with q > p > c we have q−p > 2. So no sufficiently large twin primes p, q ( i.e., q−p = 2) can simultaneously be supersingular for E/Q. 3, 4, 5, 6, 7, 8, 9, 10, 12, 16 . Conversely, such elliptic curves E over Q do exist for each of the above eleven integers d. Definition 5. For α ∈ Z, we define a set
As indicted in Theorems 1 and 3 on Problem I above, we present a conjecture about the set E(α, Q) related to the congruence property as follows:
(2) (Uniform boundary) There exists a real number c > 0 such that ♯E(α, Q) < c for all α ∈ Z. 3, 4, 5, 6, 7, 8, 9, 10, 12, 16}. For example, for α = 1, by Theorem 1 above, we have ♯E(1, Q) = 0, i.e.,
Also for α = 0, by Theorem 3 above, we have 3, 4, 5, 6, 7, 8, 9, 10, 12 , 16}, so ♯E(1, Q) = 11. As indicated by the Lang-Trotter conjecture (see [LT] ) and Sato-Tate conjecture (now it is proved for elliptic curve E/Q with nonintegral j−invariant by R. Taylor and his collaborators, see [T] ), there are some deep equidistributed properties for a p (E) = p + 1 − ♯ E p (F p ) as p varies. From this, and in a sense of probability distribution, then we can ask the following question Unfortunately, I have no ideas at present to prove or disprove these conjectures.
Proof of Theorems and Corollaries
Proof of Theorem 1 Let a p = p+1−♯ E p (F p ), then by our assumption, there exists a positive integer N 1 such that a p ≡ p+1−α ( mod d ) for all primes p > N 1 .
Let S = {prime numbers p > 3+d+N 1 : E has good supersingular reduction at p}, i.e., the set S consists of all the supersingular primes of E greater than 3 + d + N 1 .
For each p ∈ S, by definition, we have p | a p . Moreover, by Hasse's theorem ( see [Si1, p.138 ]), we have | a p |≤ 2 √ p. So it is easy to see that a p = 0. Therefore
Furthermore, by a theorem of Elkies ( see [E] ), every elliptic curve over Q has infinitely many supersingular primes. So S is an infinite set, and there exist two different supersingular primes p, q > 3 + d + N 1 satisfying p, q ≡ α − 1 ( mod d ), which implies that α − 1 is prime to d.
Now we assume furthermore that ϕ(d) > 2. If E has complex multiplication by some quadratic imaginary field K, then it is known that p is a supersingular prime for E if and only if p is ramified or inert in K (see [E] or [Si2, p. 184] ). So by Chebotarev density theorem, there are asymptotically half of all prime numbers p being supersingular for E. On the other hand, for the given elliptic curve E, as proved above, there exists a positive integer N 0 such that for all supersingular primes p > N 0 of E we have p ≡ α − 1 ( mod d). This shows by Prime Number Theorem that there are at most
of all primes p being supersingular, which contradicts to the former conclusion because
. Therefore such elliptic curve E does not have complex multiplication. The proof of Theorem 1 is completed.
Proof of Corollary 2 (1) Suppose the KKP question (strong form ) has solutions in a given pair (d, α) satisfying gcd ( α − 1, d) > 1. Then one can find polynomials f (t), g(t) ∈ Z[t] in variable t and at least one elliptic curve E :
all primes p. So by Theorem 1 above, we have gcd ( α − 1, d) = 1, a contradiction.
This proves (1).
(2) By applying Theorem 1 to the case (d, α) = (2, 1), we get the result. Proof of Theorem 3 For the integer d > 1, assume there exists an el-
Then it is easy to see that E satisfies the condition of proposition 2.1. Hence there exists an elliptic curve E ′ over Q which is Q−isogenous to E and satisfy-
Then by a famous theorem of Mazur on torsion structure of elliptic curves over Q ( see [M, Theorem (8) 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 16. Conversely, also by the theorem of Mazur, each of the above eleven integers d does occur as an order of E(Q) tors for some elliptic curve E over Q. By the Nagell-Lutz theorem (see [Hu, p.115, 116] ), E(Q) tors is isomorphic to a subgroup of E p (F p ) for almost all primes p, which implies that ♯ E p (F p ) ≡ 0 ( mod d ) for almost all primes p ( in fact, there exists a family of such elliptic curves for each of these integers d, for the detail, see the following proof of Corollary 4 ). This proves Theorem 3.
Proof of Corollary 4 Suppose the KKP question (strong form) has solutions in a given pair (d, α) satisfying 1 < d | α. Then particularly one can find polynomials f (t), g(t) ∈ Z[t] in variable t and at least one elliptic curve E : y 2 = x 3 +f (k)x+g(k)
